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A dynamic model of the free-spool compression system is established to investigate the effects of 
rotational speeds oscillation on the surge characteristics and behaviors. Simulation results show better 
agreement with the experimental data compared to the fixed-spool simulation, which confirms the 
importance of introducing rotor dynamics into surge modeling. The mechanism of the prolonged 
surge cycle is presented, as well as an overall comparison and explanation of discrepancies in surge 
characteristics between different operating speeds and design cases. It is pointed out that the relative 
position of the averaged deceleration line and the surge line is critical in leading to the discrepancies. 
Further perturbation analysis concerning the effects on the surge limit suggests that reducing the 
rotational inertia of the spool may enhance the system stability under certain circumstances, which can 
be evaluated by the speed variation contribution parameter (SVC). The results may further contribute to 
the design of surge control system.

© 2020 Elsevier Masson SAS. All rights reserved.
1. Introduction

Compressors are widely used in aero-engines and industrial 
gas-turbines to provide highly compressed air for combustion and 
energy extraction process. However, the reliability and safety of 
this kind of power plant are strictly limited by the stable oper-
ating range of compressor. The operable range of compressor is 
constrained between the choked mass flow rate and the unstable 
mass flow rate. The later one is commonly referred to the surge 
line. Surge causes significant drop in compressor pressure-rise and 
vibration in engine components [1]. The transient axial force due 
to surge with large magnitudes severely damages the bearings and 
the shafting system [2–4]. Therefore, compressor surge needs to be 
strictly controlled during design and usage.

Surge was studied extensively over the past few decades [5–7]. 
The first identification of compressor surge dates back to 1950s. 
At that time, lacking of detailed experimental measurements lim-
ited the description of surge to acoustic and vibration issues [8,9]. 
Thorough measurements on different types of compressors later 
on pointed out the systematic instability and backflow features 
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of surge [10]. It is common to distinguish surge between two 
different patterns: mild surge and deep surge. The former type 
of surge features frequency similar to the system Helmholtz fre-
quency [11,12], and the amplitude is relatively low, while the fre-
quency of deep surge is well below the Helmholtz frequency [13]
since it is decided by the period to fill and empty the downstream 
plenum. Day further pointed out that the two surge patterns are 
related to the shape of compressor characteristic curve [14]. In ad-
dition, it is important to distinguish surge from rotating stall for 
their different effects on the compressor behavior. The B-parameter 
proposed by Greitzer [10] is one of the most noted example, which 
became a popular topic in this field for studying the surge char-
acteristic. Based on this, more parameters representing the com-
pressor design features were introduced to predict the critical 
B-parameter more accurately [14]. Additionally, the operating con-
ditions was also found to have effects on the surge characteristics, 
and a good example is that the surge frequency decreases slightly 
with increasing rotational speed [15].

Based on the past analytical and experimental works, we find 
out that surge features systematic instability and different patterns. 
However, for aero-engines and gas turbine engines, the compres-
sor is driven by the downstream turbine by direct connection. 
Therefore, the variation of power consumption caused by the com-
pressor surge would result in the imbalance of power between 
the compressor and turbine, then the shaft speed will oscillate. 
Traditionally this dynamic effect was neglected when modeling 

https://doi.org/10.1016/j.ast.2020.105982
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aescte
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ast.2020.105982&domain=pdf
mailto:wangbaotong@tsinghua.edu.cn
https://doi.org/10.1016/j.ast.2020.105982


2 H. Zeng et al. / Aerospace Science and Technology 105 (2020) 105982

Nomenclature

A area
As inertia parameter 2ρL Ar2

t
I

B system parameter, Equation (7)
C ′ slope of the compressor pressure-rise characteristics
I moment of inertia
k gas constant
L pipe length
N shaft rotational speed
T ′ slope of the valve characteristics
V plenum volume
Π pressure ratio
Ω shaft angular velocity
Γ torque parameter τ

ρ Art U 2

λ, Ψ total to static work coefficient cp Tt1(π
γ −1
γ −1)

U 2
2

ϕ , Φ flow coefficient m
4ρt1U2r2

2

τ torque, non-dimensional time

Subscripts

c compressor
d turbine
p plenum
s shaft
t impeller tip & throttle
cor corrected with standard condition
sur surge
chk choke
1 impeller inlet
2 impeller outlet
3 diffuser inlet
4 diffuser outlet
nor normalized by the choked condition
the entire compression system, such as the models established 
by Greitzer [16,10] and Moore and Greitzer [17,18], by which 
primary features of surge and rotating stall were captured. Man-
soux et al. [19] developed a distributed non-linear model that 
is suitable for control system design. Righi et al. [20] combined 
the conventional body-force model with a zero-dimensional pip-
ing system model, which is capable of modeling the complete 
surge cycle. Zhang et al. [21] developed a one-dimensional and 
three-dimensional coupled method to predict the surge boundary. 
Despite that main features of surge are captured by these mod-
els, some detailed surge behaviors are hard to reproduce, such 
as the non-periodic phenomenon. The spool inertia was modeled
and analyzed first by Fink et al. [22], and the time-resolved re-
sults show considerable increase in time interval between surge 
blowdowns. Also, this speed effects magnify with decreased spool 
inertia. The result stresses the importance in modeling the rotor 
dynamics. The model with spool inertia was applied and further 
validated by Abrassi et al. [23] and Gravdahl et al. [24], and the 
simulation results agree well with transient experimental results 
at some operating speeds. Recently, Zheng et al. [25] tested a small 
radial compressor at full operating range with dynamic signals of 
compressor outlet pressure measured during surge. According to 
the results, the non-periodic surge phenomenon was also found, 
however this shaft-speed-oscillation-induced phenomenon behaves 
inconsistently at different operating speeds. At some speeds, it is 
insensitive to the speed transient which implies that there are 
other factors affecting this non-periodic phenomenon. As the char-
acteristics of surge are critical in evaluating the potential dam-
age to the machine [4], it is essential to further investigate this 
topic.

The purpose of this paper is to investigate the effects of spool 
speed variation on the surge dynamics with special emphasis on 
the foresaid problems. This paper consists of three sections: (1) A 
free-spool compressor system model is established based on two 
transonic radial compressors. (2) The effects of speed variation on 
surge dynamics are discussed based on the simulation and experi-
mental results. (3) The effects of speed variation on surge limit are 
discussed based on the perturbation analysis.

2. System dynamic model

In this section, an analytical methodology to build a dynamic 
model of free-spool compression system is presented. A descrip-
tion of the dynamic model is given first to include the governing 
equation over compression and shafting systems. Detailed com-
pressor modeling method and results are given after that.

2.1. Governing equation

The system dynamic model is established based on the works 
by Greitzer [16] and Fink et al. [22]. To simulate the surge dynam-
ics at different operating speeds, as well as to take the shape of 
the compressor surge line into consideration, dimensional form of 
governing equations are necessary to perform the calculations. De-
tailed derivation of the following equations is omitted for brevity, 
yet readers can find it in the references mentioned above.

A classic compression system configuration is adopted here 
consisting of a compressor, downstream pipe and plenum, as well 
as a throttle. Compressor characteristics are modeled using a built-
in performance map based on the experimental data, which will be 
discussed in the following section. The flow in downstream com-
pressor pipe is regarded to be incompressible and modeled with 
one-dimensional momentum equation as

Lc

Ac

d

dt
(ṁc) = Pc − P p (1)

where L and A are reference length and area of the downstream 
plenum-throttle system respectively. The continuity equation along 
with the hypothesis of isentropic compression process is employed 
to the plenum V as

d

dt
(ρp V p) = ṁc − ṁt (2)

in which ρ is the plenum density, and ṁc and ṁt are the com-
pressor and the throttle mass flow rates. ṁt is further calculated 
through throttle equation as

ṁt =
√

(P p − Pref )/Kt (3)

To include rotor dynamics into the model, the rate of speed 
change is decided by the shaft torque of compressor and turbine 
respectively as denoted by τc and τd

I
dΩ

dt
= τd − τc (4)

Substituting τ with shaft work, Equation (4) is rearranged as 
follows
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Fig. 1. Sketch of the complete compressor map.

I
dN

dt
= (

60

2π
)2 1

N
(Powerd − Powerc) (5)

In Equation (5) the turbine power Powerd is almost constant 
because of the cavity effects of the combustor while Powerc is 
updated at every time step. The governing equations (1) (2) (3) (5)
are adequate in describing this dynamic system. They are solved 
using explicit Fourth-Order Runge-Kutta method combined with 
compressor map generated in the next section. The time step 
size is set to 5e-5, which is well below the Helmholtz frequency 
(around 10 Hz) so that the sufficient time-resolution is guaran-
teed.

2.2. Compressor modeling

In this section, the compressor map is fitted to a segmented 
function with intervals defined according to the steady and tran-
sient experimental data. A typical compressor map is shown in 
Fig. 1, in which different gray scale regions represent different fit-
ting functions applied to ensure adequate precision. The location 
of surge line (dotted line), as well as the stable operating range 
on its right-hand side, indicated by the solid black line, are fitted 
based on the steady experimental results. As for the left branch 
of the compressor characteristics, dynamic experimental data are 
used to calibrate the function coefficients and validate the simula-
tion results instead of defining the location directly for the extreme 
difficulties in tracking the highly transient compressor behavior 
during surge cycles. The hysteresis due to compressibility is nor-
mally modeled by a time constant that is not significant in our 
tested cases. The method suggested below provides simple but ac-
curate enough results.

In general, for each constant rotational speed, the perfor-
mance curve is divided into three sub-intervals (ṁ < 0, 0 < ṁ <

ṁsur, ṁsur < ṁ < ṁchk). A third-order polynomial fitting is em-
ployed if 0 < ṁ < ṁsur and the local slope at the zero mass flow 
point is set to zero [17] [26]. This function is defined in a way 
that the location of the compressor surge line is constrained to 
the experimental results as well as its local slope. This is criti-
cal because the surge dynamic is investigated around this region. 
Also, the magnitude of pressure fluctuation during surge is highly 
dependent on point (0, Π̂ṁ=0) so that Π̂ṁ=0 is set to be the low-
est pressure during surge based on the time-resolved experimental 
data at the compressor outlet [27]. A non-elementary function is 
utilized for ṁsur < ṁ < ṁchk to capture both the unimodal and 
choked compressor characteristics. For ṁ < 0, the performance 
curve is modeled with a turbine like behavior [27]. This function 
shows good flexibility for model tuning to fit the transient experi-
mental results in negative flow range. A collection of equations is 
shown in Equation (6).
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Π̂ = (−a2
1ṁ2 + a2ṁ + a3) · ( a4

ṁ − ṁchk
+ 1) ṁsur < ṁ < ṁchk

Π̂ = −b1ṁ3 + b2ṁ2 + a3ṁ + a4 0 < ṁ < ṁsur

Π̂ = Π̂ṁ=0 + (1 − (
ṁ

k1
)2)−1/k2 ṁ < 0

(6)

The parameters in Equation (6) are determined using the non-
linear least square method based on the experimental data in 
tested speeds, and they are interpolated to the untested speeds. 
Usage of different interpolating functions is somewhat empirical, 
for example, the local slope variation at near surge point is lin-
early fitted to the experimental data and shows good consistency. 
Compressor power characteristics are modeled in the same manner 
with pressure ratio, and the linear fitting also shows good agree-
ment. An overview of the fitted compressor map is sketched in 
Fig. 2 along with experimental data marked by spots.

In fact, several studies have pursued further to obtain the com-
pressor characteristics by experiments past the compressor surge 
line. Fink et al. [22] extended the speed lines clearly to near shut-
off with a close coupled valve installed just downstream of the 
compressor volute exit. Hansen et al. [11] managed to measure 
the negative branch of the steady-state characteristic by feeding 
air to the compressor exit to force a steady negative flow. Both of 
the methods are feasible but going to be a long haul to complete. 
In this paper, a simple method is presented, which can simulate 
surge dynamics with adequate precision as will be shown in the 
next section.

3. Surge characteristics and behavior

In this section, simulations are conducted at the surge point. 
Dynamic pressure results are compared with the experimental data 
to highlight the differences introduced by the rotor dynamics. Sim-
ulations are also conducted at different rotational speeds, followed 
by a general explanation of how the rotor dynamics influence the 
compressor surge.

3.1. Experimental setup and results

Two different radial compressors are machined and tested 
(named C1 and C2 respectively). The two cases are selected to 
represent both low and relatively high design total pressure ratio 
equal to 3.6 (compressor C1) and 5.6 (compressor C2). Besides, 
compressor C2 is designed with a vaneless diffuser which makes 
the compressor characteristics flatter at low speeds. This feature is 
shown to be responsible for the inconsistency of surge dynamics 
between different operating speeds later.

The test rig extracts energy from the combusted air through 
a power turbine to maintain the power balance. Fuel supplied 
to the combustor is regulated by a close-looped control system 
while leaving the speed control to be open-looped. The power tur-
bine and the tested compressor are mounted on the same shaft 
as shown in Fig. 3. Low-frequency-response probes are mounted 
both upstream and downstream of the tested compressor to ob-
tain the overall total-to-total performance characteristics. Transient 
pressure signals inside the compressor are captured by sixteen 
high response pressure transducers (K ulite XTE-140(M) [28]). A 
standard miniature silicon diaphragm is used to reach extremely 
high natural frequencies in the smallest thread mount available. 
The natural frequency varies from 240 kHz (pressure range of 25 
psi) to 380 kHz (pressure range of 100 psi) depending on the local 
pressure. Besides, a protective grid is used in each probe to ensure 
the reliability of the sensing part.

The two investigated compressors are transonic designs. In ad-
dition to the compressor component, its upstream and down-
stream pipe installation extends far away from the inlet and the 
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Fig. 2. (a) Fitted results compared with steady experimental data, (b) Overall compressor map modeling results.

Fig. 3. Test facility: (a) sketch of the main test facility, (b) overview of the test-rig.

Fig. 4. Performance characteristics of the tested compressors: (a) compressor C1, (b) compressor C2.
outlet. This system configuration has great effects on the surge 
and stall characteristics. However, no evident plenum is attached 
to the compressor outlet. Therefore, the compression system can-
not be directly applied to the calculation of B-parameter. In order 
to find the B-parameter for analyzing the dynamic behaviors, the 
natural frequency is estimated by the mild surge frequency cap-
tured by high response pressure transducers at the middle-speed 
range as shown in Fig. 4. Because the mild surge frequency is 
proved to be quite close to the Helmholtz-frequency [25] [29], 
the B-parameter is calculated for both test cases with Helmholtz-
frequency by Equation (7)

B = U
(7)
4π f H L
In Equation (7) the Helmholtz frequency f H is around 10 Hz for 
both cases. The detailed compressor and system configuration can 
be found in Table 1.

The obtained steady and transient experimental results are 
combined to provide an overview of the performance characteris-
tics of the two tested compressors as shown in Fig. 4. The transient 
pressure signals at surge points are measured by closing the down-
stream valve until noticeable fluctuation is observed (Point A to 
D). Deep surge cycles are clearly shown at each point, and the pe-
riod of surge cycles varies significantly between different speeds. 
Although the increased rotational speed has already been found to 
be responsible for the prolonged surge cycles [24], the contribu-
tion is way less than the magnitude observed in this experiment. 
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Table 1
Specification of the test compressors C1 and C2.

Parameters Symbols C1 C2

Impeller blade number Z I 16 24
Leading edge tip radius r1t/r2 0.63 0.65
Diffuser vane number Z D 16 0
Diffuser inlet radius r3/r2 1.18 1.10
Diffuser outlet radius r4/r2 1.44 1.48
Impeller tip Mach number Mu 1.4 1.8
Flow coefficient ϕ 0.04 0.06
Work coefficient λtt 0.47 0.75
Specific speed Ns 0.7 0.61
System parameter B 1.22 2.00

By considering the lumped-parameter model of the compression 
system, the contribution is roughly estimated by using the non-
dimensionalized time as Equation (8).

τ = 1

ωH
= a

√
A

LV
(8)

In Equation (8), a is the plenum sonic velocity that is pro-
portional to the operating speed. Other parameters are constant 
and determined by the compression system geometry. It is cal-
culated that τ increases by about 16% from point A to point B , 
which is unable to fully account for the significant decrease of 
surge frequency shown in Fig. 4. Furthermore, comparing point 
C with point D , the surge frequency is even larger at the higher 
rotational speed, which is completely contradictive with the calcu-
lation above. Additionally, it can be seen that, within the prolonged 
surge cycles at point B and C, fluctuations featuring Helmholtz-
frequency exist. This is commonly induced by the switching be-
tween mild surge and deep surge. However, this phenomenon van-
ishes at other speeds.

Past works showed the relation between the spool speed os-
cillation with this switching phenomenon, but it fails to explain 
the inconsistency between operating speeds as discussed above. 
Therefore, a more comprehensive study is needed to identify how 
merging phenomenon happens and its interaction with different 
operating speeds, which will be presented in the following sec-
tions.

3.2. Influences on surge characteristics at single operating speed

Simulation is conducted with and without speed variation in-
volved at 90% design speed based on the parameters specified in 
Table 1 of compressor C1.

The moment of inertia I0 is calculated from CAD models, and 
the material properties are those used during the test. To mini-
mize systematic errors from manufacture and assembly, as well as 
to cover possible shafting configurations of analogous test-rig, the 
moment of inertia varies under reasonable range. The experimental 
and simulated results are combined to show the effects of bring-
ing in the rotor dynamics in Fig. 5. It can be seen that the first 
few surge cycles have roughly the same frequency. Then, the ex-
perimental and free-spool simulation results show a significantly 
longer time of pressure recovery period, while the fixed-spool sys-
tem continues to surge in a constant frequency. After the 3000th 
impeller revolution, the quiet period is no longer sustainable and 
breaks down again. It is clear that the free-spool simulation agrees 
better with the experimental data. Besides, the time series of spool 
rotational speed indicates that the compressor speed deceleration 
due to pressure breakdown is responsible for the prolonged surge 
cycle.

Additional simulations are conducted with the spool rotational 
inertia equal to 0.8I0 and 2.0I0 to investigate the significance of 
this dynamic effect. For the case with reduced rotational inertia 
Fig. 5. Work coefficient comparison of experimental data and simulated results at 
90% design speed of compressor C1 (free-spool simulation is conducted with rota-
tional inertia of I0).

as shown in Fig. 6a, the quiet period has shortened from 1.3 s 
to 0.4 s due to a more rapid response of the system. Besides, 
small pressure fluctuations are observed at this period featuring 
the magnitude of Helmholtz frequency (phase_2). Turning to the 
other case with 2.0I0 shown in Fig. 6b, doubled rotational inertia 
eliminates the quiet period. Also, the magnitude of spool rotational 
speed variation is less significant, but still oscillates as the surge 
cycles proceed. The averaged rotational speed increases at the start 
of surge and then decreases gradually until a periodic state with 
averaged rotor speed is reached after the 1400th impeller revolu-
tion. Comparing the two simulations, it can be concluded that the 
rotor dynamics have essential effects on surge characteristics, es-
pecially the existence of the quiet period.

From Fig. 7, details are presented concerning how the speed 
variation triggers the quiet period during surge. Point A, A’, B and 
C also correspond to those in Fig. 6. At phase_1, the compressor 
enters into surge with the throttle slightly closed at the surge limit 
position (point A). The shaft speed increases soon after surge hap-
pens until pressure recovery process begins, and the compressor 
mass flow rate reaches its maximum. After that, the compres-
sor operates under choke conditions, where the compressor power 
consumption is quite high. Hence a much significant deceleration 
process drives the system operating at an even lower rotational 
speed near the surge line (point B) comparing to the surge initial 
state. Therefore, a quasi-steady state can be reached after one or 
several surge cycles when the operating point is away enough from 
the surge line (phase_2). During this period, since the compres-
sor power consumption is much lower than that at the beginning, 
the shaft would re-accelerate until a new surge limit (point C ) is 
reached, which brings the compressor into surge again (phase_3).

An averaged deceleration line is sketched in Fig. 7 from A′ to 
B . If the throttle position is fixed, this line would be closely fitted 
to the valve characteristics. Additionally, due to the quasi-steady 
state of phase_2, the compressor would also accelerate along line 
A′B . It is clear from the sketch that the surge pattern changes (or 
quiet period appears) as long as the deceleration effect is signifi-
cant enough.

It is noticed from the simulation results that the transient op-
erating point crosses the surge line at some rotational speeds dur-
ing phase_2, but the system still operates well without entering 
into deep surge. This stabilizing effects during transients are dis-
cussed more in details in the following sections using perturbation 
method. Moreover, the existence of phase_2 and phase_3 mainly 
results from the energy imbalance of the shaft. Therefore, accurate 
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Fig. 6. Time history of flow coefficient and spool rotational speed at 90% design speed: (a) rotational inertia of 0.8I0, (b) rotational inertia of 2.0I0.

Fig. 7. Sketch and explanation of the prolonged surge cycle. (Rotational inertia of 0.8I0.)
adjustment of the energy balance at the end of phase_1 may pro-
vide an effective way of surge prevention without sacrificing the 
engine performance much.

3.3. Influences on surge characteristics between different operating 
speeds

When the surge characteristics at different operating conditions 
are considered, it is apparent that the duration of a single surge 
cycle is changing with operating speed lines and design cases. 
Fig. 8 presents the experimental data of pressure signals at the 
entire speed range. For compressor C1, a comparison of time se-
ries d and e shows that the surge frequency reduces from 4 Hz 
to 3.3 Hz with increased rotational speed from 56% to 67% de-
sign speed. This frequency reduction results from the increased 
B-parameter as mentioned earlier. With the rotational speed is fur-
ther increased, the merging phenomenon appears and dramatically 
prolongs the time of surge cycles. The quiet period continues to 
extend until the design rotational speed is reached, and the surge 
frequency is reduced to nearly 1 Hz. Contrary to compressor C1, 
the quiet period appears at lower operating speeds for compres-
sor C2. This inconsistent surge dynamics indicate that the effects 
of spool speed variation are strongly dependent on the operating 
conditions and design features.

It has been noted that the slope of the averaged deceleration 
line dominates the behavior of compressor surge with variable 
spool speed. Also, the location of surge boundary varies at dif-
ferent operating speeds for each design case. To deal with this 
problem, two simulations have therefore been done by adjusting 
the valve characteristics to change the relative position between 
the valve characteristic curve and the compressor surge line. Re-
sults are shown in Fig. 9. For both cases, the modeled compres-
sion system is identical except the slopes of the downstream valve 
characteristic curve. For case II with smaller slope of valve charac-
teristics, deep surge cycles grow continuously, and the quiet period 
vanishes due to closely matched surge line. This result corresponds 
to the experimental data at lower speeds of compressor C1 and 
higher speeds of compressor C2. For case I, the quiet period ap-
pears with an increased slope of the valve characteristic curve. 
Therefore, although the averaged deceleration line dominates the 
merging phenomenon, it can be concluded that deep surge would 
still be stable if the local slope of the surge line is larger than or 
close to the valve characteristics.

In support of the simulation results, different designs of com-
pressor indeed exhibit the possibility of this inconsistency in the 
change of surge dynamics with rotational speed. Typically, the 
compressor surge line is non-linear, especially for transonic com-
pressors, in which operations at high-speed range suffers greatly 
from the flow separation induced by the shock wave. As a re-
sult, stall cells grow rapidly and extend to the whole passage that 
finally develop into surge. Because of this, the surge line tends 
to be much steeper at higher speeds. Besides, the surge lines of 
compressors with different design pressure ratio and flow capacity 
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Fig. 8. Comparison of surge characteristics at different rotational speeds, experimen-
tal results: (a) compressor C1, from a to e: 90%, 85%, 78%, 67%, 56%; (b) compressor 
C2, from a to e: 100%, 97%, 95%, 80%, 70%.

naturally intersect with the valve characteristic curve in different 
ways.

To further prove the presented explanation, the characteristic 
curves of four different opening positions of the downstream valve 
are sketched in Fig. 10 in combination with performance maps 
of the two tested cases. The valve is modeled using a parabolic 
function defined by a fixed point that the pressure ratio equals 
to one when the compressor is completely throttled. V alve_1 and 
V alve_2 intersect with the surge line of compressor C1 at the 
speed of 56% and 90% as denoted by A and C . V alve_3 and 
V alve_4 intersect with the surge boundary of compressor C2 at 
the speed of 60% and higher speed lines as denoted by B , D and E . 
V alve_1 nearly overlaps with the surge line of compressor C1 near 
the intersection point A, while the local slope of V alve_3 is clearly 
greater than the surge line of compressor C2 near the intersection 
point B . Consequently, the merging phenomenon happens more 
frequently at low-speed range of compressor C2 instead of com-
pressor C1, which coincides with the experimental results showed 
in Fig. 8. Analogously, operating point C is subject to the switching 
of surge patterns, but D , E are more insensitive to it because of a 
marked increase in the slope of the surge line at higher rotational 
speeds.

One last point should be mentioned here is that the inconsis-
tent features of surge dynamics are modeled by the system sim-
ulation. However, it is not available if simulations are conducted 
based on the lumped-parameter models in which one single curve 
is used to represent the whole performance map. This is because 
the non-linear feature of the surge line is dropped. Also, for radial 
compressors with vaned diffuser, the performance curves would 
not collapse into a single curve due to the shifting of throat from 
impeller to diffuser at different rotational speeds. For this reason, 
complete modeling of compressor map is recommended to capture 
more information, especially at near surge regions.

4. Surge limit and control

In previous sections, the effects of variable rotational speed 
on the surge characteristics and behaviors are investigated. It is 
noted that the operating point oscillates outside of the surge line 
at phase_2 at some rotational speeds, but the system still oper-
ates well without surge, which indicates a stabilizing effect during 
variable speed operation. Therefore, further simulations are con-
ducted at surge initial phase with different rotational inertia to 
study this effect. Time histories of the mass flow rate are combined 
and shown in Fig. 11. With a smaller rotational inertia of 0.2I0 rep-
resented by the solid dark curve (case_1), the pressure fluctuation 
induced by throttling is stabilized to a new equilibrium state, while 
the case with a larger moment of inertia equal to 2I0 falls into 
surge eventually as indicated by the dashed curve (case_3). Com-
parison of the two results confirms the stabilizing effect introduced 
by rotor dynamics. However, when the valve is further throttled 
slightly from 0.359 to 0.358 (case_2), the compressor goes into 
surge in the end. Even though the extended stable range is not sig-
nificant in this case, study on the potential of reducing the shaft 
inertia still provides us a future direction for compressor instability 
control.

Further analysis is done base on a lumped-parameter model [22].
This nondimensional model takes rotor dynamics into considera-
tion and is simplified to the degree so that the main features of the 
system can still be captured according to the results. The pertur-
bation method is applied to investigate how the stable operating 
range of this non-linear system changes with the spool speed vari-
ation, and also its sensitivity to the system parameters is discussed.

The model is summarized and rearranged as the equations 
listed below:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dB

dt
= − 1

2Ψp

k − 1

k
(Φc − Φt) + As B2(Γd − Γc)

dΨp

dt
= 1

B
(Φc − Φt) + 2As BΨp(Γc − Γd)

dΦc

dt
= B(Ψc − Ψp) + As BΦc(Γc − Γd)

(9)

The above three equations are derived according to the bal-
ance of shaft torque, as well as the conservation of momentum 
and mass flow rate (part of the derivation is found in Appendix A). 
Parameter B accounts for the spool rotational speed and plenum 
temperature variation as expressed by B = f (T p, U ). Equation (9)
is linearized, and the stability analysis based on the derived per-
turbation equation (10) can be conducted.

d

dt

⎡
⎢⎢⎢⎣

δΦc

δΨp

δB

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

BC ′ + As BΓ ′
c Φc −B −As BΓ ′

dΦc

1
B

+ 2As BΓ ′
dΨ p − 1

BT ′ −2As BΓ ′
dΨ p

− k−1
2k

1
Ψ p

− As B
2
Γ ′

c − k−1
2k

1
Ψ p

As B
2
Γ ′

d

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

δΦc

δΨp

δB

⎤
⎥⎥⎥⎦

(10)
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Fig. 9. Simulation results of different relative position of the valve characteristic curve and the compressor surge line, (a) case I: simulation with larger slope of valve 
characteristic; (b) case II: simulation with smaller slope of valve characteristic.

Fig. 10. Performance map of tested compressors combined the valve characteristics: (a) compressor C1, (b) compressor C2.
Fig. 11. Stabilizing effect of variable rotational speed (case_1: 0.2I0, At = 0.359; 
case_2: 0.2I0, At = 0.358; case_3: 2.0I0, At = 0.359).

The fixed-spool model is easily obtained by setting the nondi-
mensional parameter As to zero representing infinite rotational 
inertia. For brevity, the fixed speed model is denoted by Gmodel , 
while the variable speed model is denoted by Fmodel . According to 
the Routh Criterion, four stability conditions are derived for the 
Fmodel denoted by Cond1 to Cond4, as well as two well-established 
conditions for the Gmodel . The detailed derivation and expression 
of those conditions can be found in Appendix B. These conditions 
should be satisfied (positive) at the same time to ensure the sta-
bility of the entire compression system for each model. The stable 
regions of each condition for both models with respect to the local 
slope of the compressor and valve characteristic curve (denoted by 
C ′ or T ′ = dΨ/dΦ) at the near surge point are shown in Fig. 12, 
and the dark gray region in each figure represents the stable re-
gion satisfying both conditions. In this analysis, parameter As is set 
to 0.05 for the variable speed calculation to ensure that the spool 
speed changes within a normal range in practical usage. Moreover, 
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Fig. 12. Stability region with respect to the slope of compressor (C ′) and valve (T ′) characteristic: (a) Fixed spool system model (Gmodel , As = 0), (b)(c) Variable speed system 
model (Fmodel , As = 0.05).

Fig. 13. (a) Direct comparison of stable operating range of Gmodel and Fmodel with same system configuration, (b) Comparison of stable operating range at larger value of T ′ .
in order to show the differences between Gmodel and Fmodel clearer, 
Fig. 13a presents the direct comparison of stable operating range 
of the two models.

As shown in Fig. 13a, fixed speed model shows narrowed stable 
operating range as T ′ increases (equivalent to closing the down-
stream valve). Normally, the compressor downstream valve is op-
erating near its choke conditions, thus its characteristic curve is 
so steep (with the value of T ′ generally larger than 3) that Cond1
dominates the system stability as shown in Fig. 12a. For the vari-
able speed model, the overall stable region is further restricted by 
Cond3 at smaller values of T ′ (smaller than 3) where the com-
pressor system seldom operates, as shown in Fig. 12b. Within the 
normal operating range, two models show similar stable ranges. 
Therefore, even though the order of the systems is elevated af-
ter introducing the rotor dynamics, dominant effect of Cond1 still 
holds true in the normal operating conditions. The stabilizing ef-
fect by speed variation becomes clear with the value of T ′ in-
creased as shown in Fig. 13b, which presents the stable operating 
regions at the range of T ′ up to 1000.

Cond1 :
⎧⎨
⎩

1
BT ′ − BC ′ (Gmodel)

1
BT ′ − BC ′ − As B(BΓ ′

d + ΦcΓ
′

c ) (Fmodel)
(11)

Cond4 = Cond1 ∗ Cond2 − Cond3 (12)

Within normal operating range (the value of T ′ higher than 
3), the values of Cond2 and Cond3 are always positive as shown 
in Fig. 12. Therefore, to evaluate the speed variation contribution 
to the surge limit, a new parameter can be defined from the ex-
pression of Cond1 (Fmodel) as SVC = BΓ ′

d + ΦcΓ
′

c . If SVC > 0, the 
value of Cond1 (Fmodel) is negative at the stable boundary defined 
by Cond1 (Gmodel) = 0 according to Equation (11), which thereby 
makes Cond4 violated (negative) according to Equation (12), thus 
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Fig. 14. Contour map of Cond4 with respect to As and C ′ (T ′ = 400, SVC < 0).

speed variation narrows the stable operating range with the ro-
tor dynamics considered. On the other hand, if SVC < 0, which is 
the more common case, Cond1 (Fmodel) is always satisfied at the 
boundary, therefore, it is no longer Cond1 (Fmodel), but Cond4 that 
determines the stabilizing effect of the variable speed system.

Due to the dependence of SVC on the system parameters (espe-
cially parameter B) and turbine characteristic (Γ ′

d ), it is possible 
to design a compressor system and control logic with smallest 
possible value of SVC to avoid the side effects brought by speed 
variation when SVC > 0. While negative SVC may help to stabilize 
the compressor system, which has inspired some works on active 
control of compressor system based on high-frequency spool speed 
control during surge inception phase.

To further analyze the stabilizing effects of speed variation in 
the negative range of SVC, the contour map of Cond4(Fmodel) is 
calculated with respect to As and C ′ as shown in Fig. 14. The solid 
white curve represents critical stable operating conditions, above 
which the system stays stable while the lower region indicates un-
stable operation. Generally, the shaft with a smaller moment of 
inertia tends to be more stable, especially for the value of As larger 
than 0.38 (indicated by line A) that the stable operating range 
even extends to positive slope regions (C ′ > 0). For the range of 
As between line A and B , a switching region between stability 
and instability appears and extends as As decreases. The classic 
instability-growth pattern can be expected below line B . For the 
tested case in this paper, the value of As is around 0.04 which is 
located below line B . Therefore, the system would always go into 
surge at a critical point around C ′ = 0. With the rotor dynamics 
are considered, it is possible to extend the stable operating range 
significantly by reducing shaft moment of inertia through better 
structural design and material advancement.

5. Conclusion

System dynamic simulations have been conducted in combina-
tion with the experimental results to investigate the role of speed 
variation on surge characteristics and behaviors of compression 
systems. Moreover, results from the perturbation method are dis-
cussed to highlight the effect of speed variation on the surge limit. 
Several conclusions are drawn as follows.

1. The analytical model of a free-spool compression system is es-
tablished. Simulation results show better agreement with the 
experimental data compared to the fixed-spool simulation. The 
mechanism of the prolonged surge cycle is presented. During 
surge, the rotational speed decreases to the degree that the 
operating point moves far away enough from the surge line 
that can endure the potential energy of the compressed air 
stored in the downstream plenum, then quasi-steady accelera-
tion process (quiet period) follows which is responsible for the 
dramatically prolonged time of surge cycle.

2. The inconsistency of surge dynamics between different rota-
tional speeds and design cases are explained. The different 
relative position of the compressor surge line and the aver-
aged deceleration line (valve characteristic) is believed to be 
the primary cause of this inconsistency. Different shape and 
location of the compressor surge line are influenced by the 
design features, pressure ratio and flow capacity. As a result, 
surge behaves differently.

3. The perturbation method is applied to analyze the stability of 
the free-spool compression system. Based on it, speed varia-
tion contribution factor SVC is proposed to evaluate the effects 
of speed variation on the compressor stable operating range. 
For negative values of SVC, speed variation has negative ef-
fects on the system stability, while systems with positive SVC 
exhibit possibility of stability enhancement by reducing the ro-
tational inertia.
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Appendix A

The derivative of system parameter is expressed as a function 
of U and T p :

dB

dt
= B

U

dU

dt
− B

2a

√
kR

T p

dT p

dt

if isentropic compression and expansion process is assumed in the 
plenum, the second term can be expressed by

dT p

dt
= k − 1

k

T p

P p

dP p

dt

combined with Equation (4) and Equation (9), dB/dt can be de-
rived:

dB

dt
= − 1

2Ψp

k − 1

k
(Φc − Φt) + As B2(Γd − Γc)

Appendix B

The coefficient matrix A of linearized governing equations is 
obtained from Equation (10):⎡
⎢⎢⎢⎢⎣

BC ′ + As BΓ ′
c Φc −B −As BΓ ′

dΦc

1
B

+ 2As BΓ ′
dΨ p − 1

BT ′ −2As BΓ ′
dΨ p

− k−1
2k

1
Ψ p

− As B
2
Γ ′

c − k−1
2k

1
Ψ p

As B
2
Γ ′

d

⎤
⎥⎥⎥⎥⎦

Eigenvalues of the corresponding matrix A are calculated by 
setting the characteristic polynomial ||A − λI|| to be zero. The 
Routh–Hurwitz criterion is utilized to decide the system stability 
without computing the roots, thus four conditions are derived for 
the variable speed model Fmodel:
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Cond1 : (
1

BT ′ − BC ′) − As B(BΓ ′
d + ΦcΓ

′
c )

Cond2 : (1 − C ′

T ′ ) + AB
2
Γ ′

d(2Ψ p + BC ′)

− ABΓ ′
d

2kΨ p T ′ (2kΨ p(1 + T ′) + kT ′Φc − T ′(2Ψ p + Φc))

+ AΓ ′
c Φc

T ′

Cond3 : −AΓ ′
d(2AB

4
Ψ p(Γ ′

d − Γ ′
c )

− B
2

kT ′ (T ′(AΦc(k − 1)(Γ ′
c − Γ ′

d) − 1)

+ C ′(k − T ′ + kT ′)) + Φc(k − 1)(1 + T ′)
2kΨ p T ′ )

Cond4 : Cond1 ∗ Cond2 − Cond3

The two conditions of the fixed speed model are obtained by set-
ting As to zero:

Cond1 : 1

BT ′ − BC ′

Cond2 : 1 − C ′

T ′
System stable operation is realized when all the conditions are 
positive for each model.
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